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Abstract
Based on the most general principles of reality, gauge and reparametrization invariance, a
problem of constructing the action describing dynamics of a classical color-charged particle
interacting with background non-Abelian gauge and fermion fields is considered. The cases
of the linear and quadratic dependence of a Lagrangian on a background Grassmann fermion
field are discussed. It is shown that in both cases in general there exists an infinite number
of interaction terms, which should be included in the Lagrangian in question. Employing a
simple iteration scheme, examples of the construction of the first few gauge-covariant currents
and sources induced by a moving particle with non-Abelian charge are given. It is found that
these quantities, by a suitable choice of parameters, exactly reproduce additional currents and
sources previously obtained in [Yu.A. Markov, M.A. Markova, Nucl. Phys.A 784 (2007) 443]
on the basis of heuristic considerations.
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1 Introduction
The formulation of Lagrangian and Hamiltonian descriptions of the dynamics of (pseudo)clas-
sical color particles interacting with a background Yang-Mills field has been suggested more
then 30 years ago in two fundamental papers by Barducci et al [1] and Balachandran et al [2].
In the present work, we have attempted to extend the approaches developed in the papers to
the case of the presence of a background ‘non-Abelian’ fermion field in the system along with a
background non-Abelian gauge field. As a practical guidance, at least at the first stage of the
solution to the stated problem, we use the general principles, which were first formulated more
precisely in [2], namely, the desired action should satisfy the following conditions:
(1) it must be real up to a total time derivative;
(2) it must be invariant under the coordinate transformation of the parameter of integration τ ,
i.e. under the replacement
τ → τ ′ = f(τ); (1.1)
(3) it must be invariant under the gauge transformations.
Besides, in [2] the requirement of the consistency with the Wong equation [3] was added. In
the papers [1, 2] a simple action for a particle with non-Abelian charge moving in a gauge
field background satisfying all the above-listed requirements has been independently suggested,
namely,
S =
∫
Ldτ ,
where the Lagrangian reads
L = −m√x˙µx˙µ + iθ†iDijθj . (1.2)
Here, Dij = δij∂/∂τ + igx˙µAaµ(t
a)ij is the covariant derivative along the direction of motion;
θ†i and θi are a set of Grassmann variables belonging to the fundamental representation of the
SU(Nc) color group, i.e. i = 1, . . . , Nc. The equations of motion are
m
d
dτ
(
x˙µ
(x˙ν x˙ν)1/2
)
= gQaF aµν x˙
ν , (1.3)
dθi(τ)
dτ
+ igx˙µ(τ)Aaµ(x)(t
a)ijθj(τ) = 0,
dθ†i(τ)
dτ
− igx˙µ(τ)Aaµ(x)θ†j(τ)(ta)ji = 0,
(1.4)
where in the first equation we have set Qa ≡ θ†i(ta)ijθj. Making use of the equations of motion
for the Grassmann color charges θi and θ†i, it is easily to see that the classical commuting color
charge Q = (Qa), a = 1, . . . , N2c − 1, satisfies Wong’s equation
dQa(τ)
dτ
+ igx˙µ(τ)Abµ(x)(T
b)acQc(τ) = 0. (1.5)
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The equations of motion for Grassmann and usual color charges, (1.4) and (1.5), have been
used in our two papers [4, 5] in the study of the scattering processes of hard color-charged
particles off soft gluon and quark-antiquark fields. These soft fields are induced by thermal
fluctuations in a hot quark-gluon plasma. Putting into consideration the Grassmann color
charges of a hard particle on an equal footing with the usual color charge1, enables us to
introduce so-called color (Grassmann valued) source of a spin-1/2 hard particle along with
classical color current. We add this Grassmann source to the right-hand side of the Dirac
equation for soft fermion field just as we add the usual color current of the hard particle to the
right-hand side of the Yang-Mills equation for soft boson field [6]. This allowed us to obtain a
closed self-consistent description of nonlinear interaction dynamics of soft and hard excitations
of the hot QCD plasma both Fermi and Bose statistics (within the framework of semiclassical
approximation).
However, as was shown in [4], the equations for Grassmann charges (1.4) and the Wong
equation (1.5) as they stand in the original works [1–3] are insufficient to obtain complete and
gauge invariant expressions for the matrix elements of some scattering processes. The reason
for this lies in the fact that the equations were obtained under assumption that there exists only
(regular and/or stochastic) background gluon field Aaµ(x) in the system. It is pertinent at this
point to note that in the presence of only background gauge field, putting into consideration
Grassmann color charges θ†i and θi gives merely the possibility of an elegant Lagrangian (or
Hamiltonian) formulation. However, in actual dynamics of a color particle, the presence of the
Grassmann charges is not revealed in any way. This is linked with the fact that only the bilinear
(i.e. Grassmann-even) combination θ†taθ (≡Qa) representing itself commuting classical color
charge appears in the equation of motion for the position xµ, Eq. (1.3), and also in the expression
for the color current jaµ(x) induced by this particle, Eq. (2.10). The situation can qualitatively
change only if the system will be subjected to background non-Abelian fermionic field, which
as though ‘splits’ the combination θ†taθ into two independent (Grassmann-odd) parts. Here,
the necessity of introducing Grassmann color charges as dynamical variables enjoying full rights
should be manifested in full.
In the work [4], we proposed a minimal extension of equations (1.4) to the case of the
presence of soft (stochastic) fermion fields Ψ¯iα(x) and Ψ
i
α(x) in the system. Thus instead of
(1.4) we have the following generalized equations for the Grassman color charges:
dθi(t)
dt
+ igvµAaµ(t,vt)(t
a)ijθj(t) + ig
(
χ¯αΨ
i
α(t,vt)
)
= 0, θi0 = θ
i(t)
∣∣
t=t0
,
dθ†i(t)
dt
− igvµAaµ(t,vt)θ†j(t)(ta)ji − ig
(
Ψ¯iα(t,vt)χα
)
= 0, θ†i0 = θ
†i(t)
∣∣∣
t=t0
,
(1.6)
1 We may regard these new Grassmann variables as the anticommuting degrees of freedom of the ‘total’ color
(super?)charge for the particle.
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and similar, instead of the Wong equation (1.5) now we have the generalized Wong equation
dQa(t)
dt
+ igvµAbµ(t,vt)(T
b)acQc(t)
+ ig
[
θ†j(t)(ta)ji
(
χ¯αΨ
i
α(t,vt)
)− (Ψ¯iα(t,vt)χα)(ta)ijθj(t)]=0 (1.7)
with the initial condition Qa0 = Q
a(t)| t=t0 . Here, vµ ≡ (1,v), (T a)bc ≡ −ifabc, and t is the
coordinate time. Furthermore, χα is a c -number spinor describing spin state of a particle. In
the papers [4, 5], this spinor was considered as independent of time. The minimal information
about this spinor we shall need in the present work, is its connection with the density matrix
for completely unpolarized state of the particle. Let us define a polarization matrix ̺ = (̺αβ)
for the spin-1/2 particle such that in a pure state it is reduced to a product
̺αβ = χαχ¯β.
In the paper [4], it has been shown that for the case of a completely unpolarized state, this
matrix should have the following form:
̺ = ̺(E,v) =
1
2E
̺(v), (1.8)
where
̺(v) =
1
2
(v · γ).
The multiplier 1/2E is chosen for reasons of dimension2. It is to be noted specially that as
distinct from (1.4) and (1.5), the equations (1.6) and (1.7) are written in the coordinate-time
representation, and the background fields Aaµ(x), Ψ¯
i
α(x) and Ψ
i
α(x) entering into them are
defined on the straight path x = vt (i.e. here, we neglect by a change of particle trajectory).
It is not difficult to write down the Lagrangian whose variation would give equations (1.6)
L = iθ† iθ˙i − gvµAaµθ†i(ta)ijθj − g
{
θ†i(χ¯αΨ
i
α) + (Ψ¯
i
αχα)θ
i
}
. (1.9)
Aside from the generalized equations of motion for the color charges in [4, 5], new gauge-
covariant additional color currents and sources generated by a moving color particle, which
should be added to the right-hand side of the proper field equations, have been suggested. In
this case only we are able to calculate complete and gauge-covariant expressions for effective
currents and sources generating the scattering processes of soft quark excitations off hard ther-
mal particles in a hot QCD plasma. For convenience of the further references, the list of all
additional color currents and sources obtained in the papers [4, 5] is given in Appendix A.
Unfortunately, these additional color currents and sources have been derived in the works
[4,5] mainly from heuristic reasoning, practically without any connection with dynamical equa-
tions (1.6) and (1.7). Here, we would like to have some systematic procedure, which would
2 Since in [4] we were interested in the case of ultrarelativistic particles, in the expression for ̺(E,v) the
term proportional to m/E was dropped.
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enable us to obtain these quantities to any order in the coupling constant. One of the purposes
of the present work is to suggest an algorithm of calculation of all gauge-covariant additional
color currents and sources with any degree of accuracy in powers of the background fermion
fields Ψ¯iα(x), Ψ
i
α(x) and initial values Q
a
0, θ
†i
0 and θ
i
0 of the color charges, based exclusively on
the equations of motion for the Grassmann color charges. The extended Lagrangian (1.9) does
not give us such a possibility. This circumstance can be considered as an indication that some
terms involving the background fermionic field are overlooked in this Lagrangian and restoring
these terms is our first task.
It is hoped that research of the problem of motion for a point particle (which can be regarded
as string length-zero limits) in the background fermionic field will make possible to better under-
standing, at least at a qualitative level, a similar motion of much more complicated object such
as string. Special interest in research of motion of a spinning string in background fermionic
fields exists already for many years beginning with pioneer works by Callan, Friedan et al [7,8],
and ending with more recent studies devoted to strings in Ramond-Ramond backgrounds (see,
e.g., [9, 10]).
At the end one general point need to be made. Throughout this work we use classical
Grassmann-valued charges and external fermion fields. It is necessary to give a little moti-
vation why we use anticommuting variables rather than conventional commuting (complex)
ones. Two approaches to the description of internal color symmetry, by using commuting and
anticommuting color charges, have been discussed by Balachandran et al in [2]. The principle
difference between these two approaches arises at quantization of the classical models. Starting
from commuting non-Abelian variables, the quantized non-Abelian charge can take arbitrarily
large quantum numbers, while beginning with anticommuting variables, only a finite number
of quantum numbers for the non-Abelian charge of a particle are obtained. From the physical
point of view, it is clear that finite-dimensional representations of the internal color symmetry
group are certainly preferable to infinite-dimensional ones (for this reason in [1] the case of
commuting isospin variables has not been discussed at all). By virtue of the above-mentioned
reason, if one keeps in mind further applications and also the problem of quantization of the
model considered in the present work, we have preferred from the outset to work with anti-
commuting dynamical variables θ†i and θi. In addition we can say that it is precisely these
Grassmann variables that arise within the framework of the worldline path integral represen-
tation for the effective QCD action when the internal color degrees of freedom are expressed in
terms of wordline fermions. This question is discussed in Conclusion in more detail.
Besides, the need of using Grassmann-valued color charges and background fields is con-
nected with the fact that in computing the probabilities for various scattering processes in-
volving hard and soft fermionic excitations in a hot quark-gluon plasma, we get automatically
gauge-invariance expressions. In the opposite case, we get the incorrect signs of different terms
in these probabilities resulting in violation of gauge symmetry. This was shown by straightfor-
5
ward calculations for the scattering processes with soft fermion excitations only [11,12] as well
as for the scattering processes with hard particles [4, 5].
Last but not least is concerned with the possibility of keeping track of a connection of
the representations given here with the problem of motion of a spinning string in fermionic
background fields. In the string theory, these background fields by initial construction are an-
ticommuting ones, and thereby we have little choice.
The paper is organized as follows. In Section 2, as the first example, the most simple and
at the same time sufficiently meaningful extension of the Lagrangian (1.2) to the case of the
presence of a background non-Abelian fermion field in the system along with a non-Abelian
gauge field is suggested. All of the equations of motion, and also the color current and source
generated by a moving color-charged particle, are written down in an explicit form. Section 3 is
devoted to a discussion of a possibility of taking into consideration a set of the real Grassmann
charges belonging to the adjoint representation of the SU(Nc) group. In Section 4, based upon
the requirements of gauge invariance and reality, a question of the most general structure of the
Lagrangian linear depending on the external fermionic fields Ψ¯iα(x) and Ψ
i
α(x) is taken up. It is
shown that within the framework of these general requirements, one can determine an infinite
number of contributions to the interaction Lagrangian, containing the strength tensor F aµν(x)
to an arbitrary power. The following Section 5 is concerned with a similar analysis for the case
of the quadratic dependence of the Lagrangian on Ψ¯iα(x) and Ψ
i
α(x). It has been found that in
this case the interaction Lagrangian possesses richer and more varied structure, than it was in
the case of the linear dependence. It is demonstrated that in principle it also can include an
infinite number of interaction terms. Furthermore, in Section 6, a simple iteration scheme for
the construction of the consequence of more and more becoming complicated gauge-covariant
currents and sources induced by a moving color particle is suggested. It is shown that fixing
one arbitrary parameter only enables us to reproduce exactly additional currents and sources
obtained previously, which are listed in Appendix A. In Appendix B, an explicit form of the
one-loop effective QCD action deduced within the second order formalism for fermions is given.
In the concluding section we briefly discuss a question of rigorous proof of the obtained
results within the framework of the worldline path integral approach.
2 The simplest model Lagrangian for color charge dyna-
mics in a background fermion field
We consider SU(Nc) gauge theory, use the metric g
µν = diag(1,−1,−1,−1), choose units such
that c = 1 and note x = (x0,x) etc. The color indices for the adjoint representation a, b, . . .
run from 1 to N2c − 1, while those for the fundamental representation i, j, . . . run from 1 to Nc.
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The Greek indices α, β, . . . for the spinor representation run from 1 to 4.
Let us assume that a point-like classical color-charged particle propagates in background
non-Abelian bosonic and fermionic fields. We state that the dynamics of this particle within
the simplest of possible models can be correctly described by the following action:
S =
∫
Ldτ, (2.1)
where the Lagrangian L for such a particle is defined by the expression
L ≡ Lθ = − 1
2e
x˙µx˙µ − e
2
m2 + iθ†iDijθj (2.2)
− e√
2
g
{
θ†i
(
ψ¯αΨ
i
α
)
+
(
Ψ¯iαψα
)
θi
}
+
e√
2
gQa
{
f0 θ
†i(ta)ij
(
ψ¯αΨ
j
α
)
+ f ∗0
(
Ψ¯jαψα
)
(ta)jiθi
}
.
Here, ψα is a c -number spinor describing the spin degree of freedom of the particle, e is the
(one-dimensional) vierbein field and f0 is some (complex) scalar gauge-invariant function. The
point of entering the function f0 into the Lagrangian (2.2) will be discussed in detail in Section 4.
Once again let us recall that the color charge Qa is defined by the following expression:
Qa≡ θ†i(ta)ijθj . (2.3)
An important difference of the Lagrangian (2.2) from the Lagrangian (1.9) is the presence of
the last term proportional to the commuting color charge (2.3).
The action (2.1) is reparametrization invariant if a change of the parameter of integration τ ,
Eq. (1.1), is accompanied by variable transformations
e→ e′ = e dτ
dτ ′
,
xµ, ψα, f0 are unchanged.
Furthermore, it is quite clear that the Lagrangian is real, and it can be shown that it is invariant
with respect to the infinitesimal gauge transformations:
Ψiα → Ψiα + igΛa(ta)ijΨjα,
Ψ¯iα → Ψ¯iα − igΛaΨ¯jα(ta)ji,
θi → θi + igΛa(ta)ijθj ,
θ†i → θ†i − igΛaθ†j(ta)ji,
Qa → Qa − gfabcΛbQc,
Aaµ → Aaµ − gfabcΛbAcµ − ∂µΛa,
(2.4)
where Λa is a parameter of the transformations. For simplicity throughout our work, we neglect
a change of spin state of the particle, i.e. we believe ψα to be a spinor independent of the
parameter τ . The account for the spin degree of freedom in the general dynamics of the particle
will be considered in our next paper [13]. In particular, there it will be shown how one can
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connect the c -number spinors ψ¯α and ψα with the pseudovector and pseudoscalar dynamical
variables ξµ, µ = 0, 1, 2, 3 and ξ5 commonly used in a description of the spin degree of freedom
of massive spinning particles, and which in turn are elements of the Grassmann algebra [14,15].
Varying the variable e gives the constraint equation
x˙2
e2
−m2−
√
2 g
{
θ†i
(
ψ¯αΨ
i
α
)
+
(
Ψ¯iαψα
)
θi
}
+
√
2 gQa
{
f0 θ
†i(ta)ij
(
ψ¯αΨ
j
α
)
+f ∗0
(
Ψ¯jαψα
)
(ta)jiθi
}
= 0.
For the remainder of our work, we choose a parametrization in which e = 1/m. Furthermore,
varying the Lagrangian (2.2) with respect to Grassmann color charge θ†i, we obtain the evolution
equation for θi in the following form:
dθi(τ)
dτ
+ igx˙µ(τ)Aaµ(x)(t
a)ijθj(τ) (2.5)
+
ig√
2m
(
ψ¯αΨ
i
α(x)
)− ig√
2m
f0Q
a(τ)(ta)ij
(
ψ¯αΨ
j
α(x)
)
− ig√
2m
(ta)ijθj(τ)
{
f0 θ
†l(τ)(ta)lk
(
ψ¯αΨ
k
α(x)
)
+ f ∗0
(
Ψ¯kα(x)ψα
)
(ta)klθl(τ)
}
= 0.
Correspondingly one can define the equation for conjugate charge θ†i:
dθ†i(τ)
dτ
− igx˙µ(τ)Aaµ(x)θ†j(τ)(ta)ji (2.6)
− ig√
2m
(
Ψ¯iα(x)ψα
)
+
ig√
2m
f ∗0Q
a(τ)
(
Ψ¯jα(x)ψα
)
(ta)ji
+
ig√
2m
θ†j(τ)(ta)ji
{
f0 θ
†l(τ)(ta)lk
(
ψ¯αΨ
k
α(x)
)
+ f ∗0
(
Ψ¯kα(x)ψα
)
(ta)klθl(τ)
}
= 0,
where the charge Qa in view of (2.3) obeys the equation:
dQa(τ)
dτ
+ igx˙µ(τ)Abµ(x)(T
b)acQc(τ) (2.7)
+
ig√
2m
{
θ†i(τ)(ta)ij
(
ψ¯αΨ
j
α(x)
)− (Ψ¯jα(x)ψα)(ta)jiθi(τ)}
− ig√
2m
Qb(τ)
{
f0 θ
†i(τ)(tbta)ij
(
ψ¯αΨ
j
α(x)
)− f ∗0 (Ψ¯jα(x)ψα)(tatb)jiθi(τ)} = 0.
Finally, varying with respect to xµ, we obtain the remaining equation of motion
mx¨µ(τ)− gQa(τ)F aµν(x)x˙ν(τ) (2.8)
− g√
2m
{
ψ¯α
(
θ†i(τ)
−→
D ijµ (x)Ψ
j
α(x)
)
+
(
Ψ¯jα(x)
←−
D †jiµ (x)θ
i(τ)
)
ψα
}
+
g√
2m
Qa(τ)
{
f0 ψ¯α
(
θ†i(τ)(ta)ij
−→
D jkµ (x)Ψ
k
α(x)
)
+ f ∗0
(
Ψ¯kα(x)
←−
D †kjµ (x)(t
a)jiθi(τ)
)
ψα
}
= 0,
where F aµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν is the strength tensor and
−→
D jkµ (x) = δ
jk−→∂/∂xµ + igAaµ(x)(ta)jk (≡ Djkµ (x)),
←−
D †kjµ (x) = δ
kj←−∂/∂xµ − igAaµ(x)(ta)kj
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are the covariant derivations. By adding the action of the kinetic energy of the background
fields
−1
4
∫
d4xF aµν(x)F
a µν(x) + i
∫
d4x Ψ¯iα(x)γ
µ
αβD
ij
µ (x)Ψ
j
β(x)
to the action (2.1) and making the fields dynamical, one can obtain the Yang-Mills equation
Dabµ (x)F
b µν(x) = jaν(x), (2.9)
where Dabµ (x) = δ
ab∂/∂xµ + igAcµ(x)(T
c)ab is the covariant derivative in the adjoint representa-
tion,
jaµ(x) = g
∫
x˙µ(τ)Qa(τ) δ(4)(x− x(τ)) dτ + gΨ¯(x)γµtaΨ(x) (2.10)
is the color current, and the Dirac equation
iγµαβD
ij
µ (x)Ψ
j
β(x) = η
i
α(x), (2.11)
where on the right-hand side, the function ηiα(x) (which in the subsequent discussion will be
referred to as the color source) is
ηiα(x) =
g√
2m
∫ {
ψα θ
i(τ)− ψαf ∗0 (τ)Qa(τ)(ta)ijθj(τ)
}
δ(4)(x− x(τ)) dτ. (2.12)
3 Real Grassmann color charges ϑa
As was shown in [1,2] instead of a set of the Grassmann color charges θi and θ†i, belonging to the
fundamental representation, a set of the real Grassmann charges ϑa, a = 1, . . . , N2c −1 belonging
to the adjoint representation of the SU(Nc) group, can also be introduced into consideration.
Now instead of the Lagrangian (1.2) we will have
Lϑ = −m
√
x˙µx˙µ +
i
2
ϑaDabϑb. (3.1)
Here, Dab = δab∂/∂τ + igx˙µAcµ(T
c)ab and correspondingly the equations of motion are
m
d
dτ
(
x˙µ
(x˙ν x˙ν)1/2
)
= gQaF aµν x˙ν ,
dϑa(τ)
dτ
+ igx˙µ(τ)Abµ(x)(T
b)acϑc(τ) = 0.
In this case instead of (2.3) the commiting color charge is defined by the following expression:
Qa ≡ 1
2
ϑb(T a)bcϑc. (3.2)
To distinguish this color charge from (2.3), we have used a calligraphic capital letter Q instead
of the usual one Q. It is easily to see that in the absence of the background fermion field
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these two descriptions of the color degree of freedom are completely equivalent3. This means
that on the classical level of a description of the color dynamics of a color-charged particle
in the absence of the background fermion field, we can not distinguish to which of the group
representations this particle belongs.
However, this equivalence can be expected to disappear when we introduce a background
fermion field in the system. Under such conditions, for a fuller treatment of the dynamics of a
classical color particle in external non-Abelian fields, it may be required to use of a set of the
Grassmann charges belonging to different representations of the SU(Nc) group. In this case,
the simplest extension of Lagrangian (2.2) taking into account the fact just mentioned has the
following form:
L = Lθ + Lϑ,
where Lθ is given by the expression (2.2) and Lϑ is defined by
Lϑ =
i
2
ϑaDabϑb +
e√
2
gQa
{
f˜0 θ
†i(ta)ij
(
ψ¯αΨ
j
α
)
+ f˜ ∗0
(
Ψ¯jαψα
)
(ta)jiθi
}
. (3.3)
Now the equation of motion for the color charge ϑa is (in the gauge e = 1/m)
dϑa(τ)
dτ
+ igx˙µ(τ)Abµ(x)(T
b)acϑb(τ) (3.4)
− ig√
2m
(T b)acϑc(τ)
{
f˜0 (τ)θ
†i(τ)(tb)ij(ψ¯αΨ
j
α(x)) + f˜
∗
0 (τ)(Ψ¯
j
α(x)ψα)(t
b)jiθi(τ)
}
= 0.
The complex function f˜0 is an arbitrary gauge and reparametrization invariant function, which
generally speaking, does not coincide with a similar function f0 in the Lagrangian (2.2). From
equation (3.4), it is easy to obtain the equation of motion for the usual color charge Qa:
dQa(τ)
dτ
+ igx˙µ(τ)Abµ(x)(T
b)acQc(τ) (3.5)
− ig√
2m
(T b)acQc(τ)
{
f˜0 θ
†i(τ)(tb)ij
(
ψ¯αΨ
j
α(x)
)
+ f˜ ∗0
(
Ψ¯jα(x)ψα
)
(tb)jiθi(τ)
}
= 0.
Besides, the additive Lagrangian (3.3) results in appearing new terms in the equations of
motion obtained in the previous section. Thus, in equation (2.5) for the Grassmann charge θi
it is necessary to add the term
− ig√
2m
f˜0Qa(ta)ij(ψ¯αΨjα) (3.6)
and a proper term is added to the conjugate equation (2.6). Furthermore, in equation (2.7) for
the classical commutating charge Qa, a new contribution arises:
− ig√
2m
Qb(τ)
{
f˜0 θ
†i(τ)(tatb)ij
(
ψ¯αΨ
j
α(x)
)− f˜ ∗0 (Ψ¯jα(x)ψα)(tbta)jiθi(τ)} ≡ (3.7)
3 Thus in the expression for color current (2.10) the Grassmann charges appear only in combinations (2.3)
or (3.2). Furthermore, only these combinations enter into the generalized Newton equation and also in the
equation describing spin dynamics [1, 2].
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≡ + ig
2
√
2m
(T b)acQc(τ)
{
f˜0 θ
†i(τ)(tb)ij
(
ψ¯αΨ
j
α(x)
)
+ f˜ ∗0
(
Ψ¯jα(x)ψα
)
(tb)jiθi
}
− ig
2
√
2m
(Pb)acQc(τ)
{
f˜0 θ
†i(τ)(tb)ij
(
ψ¯αΨ
j
α(x)
)− f˜ ∗0 (Ψ¯jα(x)ψα)(tb)jiθi}
− ig
2
√
2m
1
Nc
Qa(τ)
{
f˜0 θ
†i(τ)
(
ψ¯αΨ
i
α(x)
)− f˜ ∗0 (Ψ¯iα(x)ψα)θi(τ)} ,
where (Pa)bc ≡ dabc. We have to add also the term
g√
2m
Qa(τ)
{
f0 ψ¯α
(
θ†i(τ)(ta)ij
−→
D jkµ (x)Ψ
k
α(x)
)
+ f ∗0
(
Ψ¯kα(x)
←−
D †kjµ (x)(t
a)jiθi(τ)
)
ψα
}
(3.8)
to the equation for the position xµ of a color charge, (2.8). Finally, we must add the terms
g
∫
x˙µ(τ)Qa(τ) δ(4)(x− x(τ)) dτ,
− g√
2m
∫
ψαf˜
∗
0 (τ)Qa(τ)(ta)ijθj(τ) δ(4)(x− x(τ)) dτ
(3.9)
to the right-hand side of the field equations, (2.9) and (2.11), correspondingly.
4 The most general gauge-invariant Lagrangian: the case
of the linear dependence on the Ψ¯iα- and Ψ
i
α-fields
This section is devoted to analysis of the most general structure of a color particle Lagrangian
which satisfies the requirement of gauge invariance. We will follow the arguments in Barducci
et al [1] closely.
In the general case, the desired Lagrangian is a function of the following variables:
L = L(x˙µ; θ†i, θi, θ˙†i, θ˙i, ϑa, ϑ˙a; ψ¯α, ψα;A
a
µ, A
a
µ, ν , Ψ¯
i
α,Ψ
i
α).
As was mentioned in Section 2, in the present work we do not consider a change of the spin state
of the particle; therefore, the dependence of L on ˙¯ψα and ψ˙α is omitted. The total variation of
the Lagrangian under the infinitesimal changes of all dynamical variables looks as follows:
δL =
−→
∂L
∂θi
δθi + δθ†i
←−
∂L
∂θ†i
+
−→
∂L
∂ϑa
δϑa +
−→
∂L
∂θ˙i
δθ˙i + δθ˙†i
←−
∂L
∂θ˙†i
+
−→
∂L
∂ϑ˙a
δϑ˙a
+
−→
∂L
∂Ψiα
δΨiα + δΨ¯
i
α
←−
∂L
∂Ψ¯iα
+
∂L
∂Aaµ
δAaµ +
∂L
∂Aaµ, ν
δAaµ, ν = 0.
(4.1)
Here, the right (left) arrow above the partial derivatives with respect to corresponding Grass-
mann variables indicates that the derivative acts from the right (left) on the Lagrangian. The
variation of the Lagrangian associated with the gauge transformation of the background boson
field Aaµ(x) has been studied in detail in [1]. In particular, it has been shown that the gauge
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potential (and its derivatives) enters into the Lagrangian in question by a gauge covariant man-
ner through the covariant field tensor F aµν and in covariant combinations with variables θ˙
i, θ˙†i
and ϑ˙a of the form
θ˙i + igx˙µAbµ(t
b)ijθj, ϑ˙a + igx˙µAbµ(T
b)acϑc.
At present, we will confine our attention to the variation of the Lagrangian with respect to the
gauge transformation of the background fermion fields. Therefore, in what follows we will not
explicitly write down the dependence of the Lagrangian on the Grassmann variables θ˙i, θ˙†i, ϑ˙a
and the gauge field Aaµ. For simplicity, in most cases we will not also write down in an explicit
form the dependence of L on the spinors ψ¯α and ψα.
Substituting infinitesimal gauge transformations (2.4) into equation (4.1) for variations of
dynamical variables, we obtain the following condition of gauge invariance of the Lagrangian:
δΛL = (4.2)
= igΛa
(−→
∂L
∂θi
(ta)ijθj − θ†j(ta)ji
←−
∂L
∂θ†i
−
−→
∂L
∂ϑb
(T b)acϑc +
−→
∂L
∂Ψiα
(ta)ijΨjα − Ψ¯jα(ta)ji
←−
∂L
∂Ψ¯iα
)
= 0.
In this section, we restrict ourselves to the case of the linear dependence of the Lagrangian
on the background fermion fields Ψ¯iα and Ψ
i
α. Let us first consider the most simple case when
these Grassmann-valued fields enter into the Lagrangian only in the following combinations:
(Ψ¯iαψα) and (ψ¯αΨ
i
α), i.e. we set
LΨ,Ψ¯ = L†i(θ†, θ, ϑ)(ψ¯αΨiα) + (Ψ¯iαψα)Li(θ†, θ, ϑ).
If we substitute the previous expression into equation (4.2), then the requirement of gauge
invariance reduces to two equations for the functions Li and L†i:
−
−→
∂L†i
∂θj
(ta)jkθk + θ†k(ta)kj
←−
∂L†i
∂θ†j
− L†j(ta)ji +
−→
∂L†i
∂ϑb
(T b)acϑc = 0,
−
−→
∂Li
∂θj
(ta)jkθk + θ†k(ta)kj
←−
∂Li
∂θ†j
+ (ta)ijLj +
−→
∂Li
∂ϑb
(T b)acϑc = 0.
(4.3)
It is easy to verify that the following combinations of color charges:
θ†i, Qaθ†j(ta)ji and Qaθ†j(ta)ji (4.4)
satisfy the first equation in (4.3), and correspondingly, conjugate combinations satisfy the sec-
ond equation. It is these combinations that are presented in the expressions of the Lagrangians
(2.2) and (3.3). We have not found any other more complicated in color structure solutions
containing greater number of Grassmann charges and Hermitian generators ta and T a.
However, a more subtle analysis of the general conditions of gauge invariance (4.3) has shown
that the color charge combinations (4.4) may enter into the Lagrangian with some arbitrary
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scalar function f0 as a multiplier. This function depends on gauge-invariant combinations of
Grassmann charges:
f0 = f0(θ
†, θ, ϑ) ≡ f0(θ†iθi, QaQa,QaQa).
In the case of the absence of a background fermion field, each of these colorless quadratic
combinations of charges is conserved by virtue of the relevant equation of motion and therefore
the function f0 merely represents itself a numerical factor. From the other hand, if there
exists a background fermion field, then the quadratic combinations can be rather complicated
functions of τ , so that f0 6= const. It is worthy of special emphasis that the function f0 is
broadly speaking different for each of three solutions (4.4) and its explicit form is not fixed by
the requirements specified in the Introduction. In the general case, the function represents a
finite polynomial of its independent variables with arbitrary coefficients, whose an explicit form
should be determined from some additional considerations4. Besides, for the group SU(Nc)
with Nc > 3, this function can be also dependent on more complicated gauge invariants of the
form:
dabcQaQbQc and dabcQaQbQc,
where dabc is the totally symmetric structure constant of the group.
We now proceed to a discussion of the general structure of the Lagrangian with the linear
dependence on external non-Abelian fermion fields. First, let us write down the most general
spinor structure of the given Lagrangian:
LΨ,Ψ¯ = L†iA(x˙, θ†, θ, ϑ, Fµν)(ψ¯αΓAαβΨiβ) + (Ψ¯iβΓAβαψα)LiA(x˙, θ†, θ, ϑ, Fµν), (4.5)
where ΓA is any one of these 16 independent generators of the Clifford algebra:
I, γ5, γµ, iγµγ5, σµν .
It is just impossible to make up vector or tensor quantities only from the Grassmann-valued
charges. Therefore, among arguments of the functions L†iA and LiA, we explicitly specify those
vector and tensor functions, which we have at our disposal.
At the beginning, we deal with the case of the γµ matrices instead of ΓA. The simplest
structure of L†iµ (or Liµ) represents a perfect factorization with respect to color and vector
indices, i.e.
L†iµ = L†i(θ†, θ, ϑ)L∗µ(x˙, ψ¯, ψ) (4.6)
and a similar equation is true for the Liµ function. As L†i, any one of the combinations of color
charges in a set (4.4), can be taken, and as L∗µ the function x˙µ can be taken. Thus, for example,
4 For example, in [4] we have shown that to obtain gauge-invariant expressions for matrix elements of some
scattering processes of soft quark-gluon plasma excitations off hard thermal particles, an arbitrary function f0
in the fourth term in the Lagrangian (2.2) must be in exactly equal to −1. In Section 6 of the present work,
another consistency condition will fix the function f0 in the last term in (2.2).
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for the first two color structures in (4.4) we have the following gauge (and reparametrization)
invariant contributions which should be added to the required Lagrangian:
gx˙µ
{
f0 θ
†i(ψ¯γµΨi) + f ∗0 (Ψ¯
iγµψ)θi
}
,
gx˙µQ
a
{
f0 θ
†i(ta)ij(ψ¯γµΨj) + f ∗0 (Ψ¯
jγµψ)(ta)jiθi
}
.
Besides, there exist the gauge and reparametrization invariant contributions in LΨ,Ψ¯ at Γ
A ≡ γµ
for which there is no factorization of the type (4.6). However, in this case it should be invoked
the strength tensor of background gauge field. The following expression
gx˙µF aµν
{
f0 θ
†i(ta)ij(ψ¯γνΨj) + f ∗0 (Ψ¯
jγνψ)(ta)jiθi
}
provides an example of such type of contribution.
Furthermore, the necessity to invoke the field strength arises also when the ΓA is taken in
the form σµν . Here, we will have the gauge-invariant contributions of the following form:
g√
2m
F aµν
{
f0 θ
†i(ta)ij(ψ¯σµνΨj) + f ∗0 (Ψ¯
jσµνψ)(ta)jiθi
}
,
g√
2m
QaF aµν
{
f0 θ
†i(ψ¯σµνΨi) + f ∗0 (Ψ¯
iσµνψ)θi
}
,
and also the contributions from the higher order terms in powers of F aµν . All these terms
represent examples of spin-color interaction.
As regards the terms with the γ5 matrix in a set ΓA, pseudoscalar and pseudovector functions
of the type (ψ¯γ5Ψi), i(ψ¯γµγ5Ψi), . . . may be ‘canceled’ only by factors of the form (ψ¯γ5ψ),
i(ψ¯γµγ
5ψ), . . . . Though most likely such types of contributions should be rejected as unrelated
to real interaction processes in the problem under consideration.
One can rise a question about the dependence of the interaction Lagrangian on derivatives
of background fermionic fields, i.e. on the functions of the type ∂µΨ¯
i
α(≡ Ψ¯iα, µ) and ∂µΨiα(≡
Ψiα, µ). We again restrict our consideration to the case of the linear dependence and when
these functions appear into the Lagrangian only in the simplest combinations: (∂µΨ¯
i
αψα) and
(ψ¯α∂µΨ
i
α), i.e. we set
L∂Ψ, ∂Ψ¯ = L†iµ (x˙, θ†, θ, ϑ)(ψ¯α∂µΨiα(x)) + (∂µΨ¯iα(x)ψα)Liµ(x˙, θ†, θ, ϑ). (4.7)
It is clear that the derivatives of the Ψ-fields can enter into the Lagrangian in question only in
the form of the covariant derivatives; therefore, instead of (4.7) we can write down at once
L−→
DΨ,Ψ¯
←−
D†
= L†iµ(x˙, θ†, θ, ϑ)(ψ¯α−→D ijµ (x)Ψjα(x))+ (Ψ¯jα(x)←−D †jiµ (x)ψα)Liµ(x˙, θ†, θ, ϑ). (4.8)
The dependence of the Lagrangian on the Ψ-field derivatives leads to the fact that in the total
variation (4.1) the terms of the following form
−→
∂L
∂Ψiα, µ
(ta)ijδΨjα, µ − δΨ¯jα, µ(ta)ji
←−
∂L
∂Ψ¯iα, µ
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must be added, where in a particular case of variations induced by the infinitesimal gauge
transformation, we have
δΨiα, µ = ig(∂µΛ
a)(ta)ijΨjα + igΛ
a(ta)ij(∂µΨ
j
α),
δΨ¯iα, µ = −ig(∂µΛa)Ψ¯jα(ta)ji − igΛa(∂µΨ¯jα)(ta)ji.
These transformations should be added to the list (2.4). It is easy to convince ourselves that the
basic requirement of gauge independence of the Lagrangian (4.8) is reduced to the fulfilment
of equations (4.3), where we need to substitute L†iµ and Liµ for L†i and Li. The vector index
appears in these equations in the parametrical manner and therefore without loss of generality,
these functions can be taken in the factored form (4.6). Following the same line of reasoning
given after equation (4.6), we conclude that there exist only three independent gauge-invariant
Lagrangians of the form (4.8), namely
x˙µ
{
f0 ψ¯α
(
θ†i
−→
D ijµ (x)Ψ
j
α(x)
)
+ f ∗0
(
Ψ¯jα(x)
←−
D †jiµ (x)θ
i
)
ψα
}
,
x˙µQa
{
f0 ψ¯α
(
θ†i(ta)ij
−→
D jkµ (x)Ψ
k
α(x)
)
+ f ∗0
(
Ψ¯kα(x)
←−
D †kjµ (x)(t
a)jiθi
)
ψα
}
and the last expression with the replacement Qa → Qa. These Lagrangians satisfy all re-
quirements listed in the Introduction. Formally, we have to add them in the total interaction
Lagrangian.
Finally, instead of (4.8) we can consider a more general expression of the form
L−→
DΨ,Ψ¯
←−
D†
= L†iµA (x˙, θ†, θ, ϑ, Fνλ)
(
ψ¯αΓ
A
αβ
−→
D ijµ (x)Ψ
j
β(x)
)
+
+
(
Ψ¯jβ(x)
←−
D †jiµ (x)Γ
A
βαψα
)LiµA (x˙, θ†, θ, ϑ, Fνλ) (4.9)
in an exact analogy as was done for (4.5). As in the above case (4.5), the specific choice of
ΓA (γµ or σµν) inevitably results in the necessity of introducing into consideration the strength
tensor of background gauge field. This circumstance has been depicted in the notation of the
coefficient functions in (4.9). In this case the number of independent contributions of the (4.9)
type becomes unlimited.
5 The most general gauge-invariant Lagrangian: the case
of the quadratic dependence on the Ψ¯iα- and Ψ
i
α-fields
Let us analyze the case of the quadratic dependence of the Lagrangian on background fermionic
field. To be specific, we consider in detail the most interesting dependence of the type
LΨ¯Ψ = Ψ¯
i
αLijαβ(θ†, θ, ϑ)Ψjβ. (5.1)
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Substituting the above expression into the general condition of gauge invariance (4.2), we obtain
the following equation for the function Lijαβ:
−→
∂Lijαβ
∂θk
(ta)ksθs − θ†s(ta)sk
←−
∂Lijαβ
∂θ†k
−
−→
∂Lijαβ
∂ϑb
(T b)acϑc + (ta)ikLkjαβ −Likαβ(ta)kj = 0. (5.2)
Here, the spinor indices appear in the parametric manner. By virtue of this fact, the spinor
dependence of the function Lijαβ should be determined by some additional considerations5. In
definition (5.1) we assume for the moment that the Lijαβ is independent of the background
bosonic field (but it is dependent on the spinors ψ¯α and ψα, see the previous section). For this
reason, without loss of generality one can set
Lijαβ ≡ Lij(θ†, θ, ϑ)Lαβ(ψ¯, ψ). (5.3)
As the Lαβ function we may choose any one of spinor structures of the form
Lαβ ∼ δαβ, ψαψ¯β, (γ5ψ)α(ψ¯γ5)β, (γµψ)α(ψ¯γµ)β, (γµγ5ψ)α(ψ¯γ5γµ)β, (σµνψ)α(ψ¯σµν)β. (5.4)
What can we take as the function Lij ? The general analysis of equation (5.2) has shown that
there exists a considerable amount of independent color structures satisfying the requirement
of gauge invariance, namely
Lij ∼ δij, θiθ†j , (taθ)i(θ†ta)j , Qa(ta)ij, Qa(ta)ij ,
ϑa(taθ)i(θ†tb)jϑb, Qa(taθ)i(θ†tb)jQb, Qa(taθ)i(θ†tb)jQb,{
Qa(taθ)i(θ†tb)jQb + Qa(taθ)i(θ†tb)jQb},
ifabcQa(tbθ)i(θ†tc)j , ifabcQa(tbθ)i(θ†tc)j, (5.5)[
fabcQb(tcθ)i
][
fadeQd(θ†te)j
]
,
[
fabcQb(tcθ)i][ fadeQd(θ†te)j],{[
fabcQb(tcθ)i
][
fadeQd(θ†te)j]+ [ fabcQb(tcθ)i][ fadeQd(θ†te)j]},[
fabcQaQb(tcθ)i][ f def (θ†td)jQeQf],
and so on. On substituting structures (5.5) into equation (5.2) the latter is reduced to either
the identity or the relation for the totally antisymmetric structure constants
fadcf bce + fabcf cde = f bdcface.
5 The only restriction here can arise if instead of the requirement of reality of the action we demand the
fulfilment of a little more hard condition: reality of the Lagrangian (5.1). Then in terms of the Lijαβ function
this requirement leads to an equality
Lijαβ = γ0αα′(Lijα′β′)∗γ0β′β .
For the decomposition (5.3), i.e. for L = Lspinor ⊗ Lcolor, the last equality falls into two independent ones
Lspinor = γ0L†spinorγ0, Lcolor = L†color.
Here, ⊗ is a sign of the tensor product.
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Hence in deciding on the Lagrangian in the form (5.1) taking into account (5.4) and (5.5), we
have considerably more (but nevertheless a finite number) gauge-invariant terms of interaction
as compared with the sum of two Lagrangians (2.2) and (3.3). To choose the terms that are
relevant to real dynamics of our physical system, one has to once again invoke other physical
considerations. Let us note one remarkable feature of the second-fifth structures in (5.5). These
color structures depend on Grassmann θ- and ϑ-charges in the quadratic manner as well as the
second terms in the Lagrangians (2.2) and (3.3). This circumstance results in an important
modification of terms in the equations of motion (2.5), (2.6) and (3.4) that are linear in the
Grassmann charges. To be specific, let us consider the second spin structure in (5.4), the third
and fourth color ones in (5.5). For this case instead of two terms in the first line of equation
(2.5), we have
dθi(τ)
dτ
+ igx˙µ(τ)Aaµ(x)(t
a)ijθj(τ)− ig2[(Ψ¯kα(x)ψα)(ta)ks(ψ¯βΨsβ(x))](ta)ijθj(τ)
− ig2[ta(ψ¯βΨβ(x))]i[(Ψ¯α(x)ψα)ta]jθj(τ) + . . . = 0.
New third and fourth terms in the above equation may be interpreted in terms of a modification
(or extension) of the standard definition of the evolution operator, namely, we have to consider
the extended evolution operator
U(τ, τ0) = T exp
{
−ig
τ∫
τ0
(
x˙µ(τ ′)Aaµ(x(τ
′)) ta−
− g[(Ψ¯α(x(τ ′))ψα) ta(ψ¯βΨβ(x(τ ′)))]ta − g[ta(ψ¯βΨβ(x(τ ′)))]⊗[(Ψ¯α(x(τ ′))ψα)ta])dτ ′
}
instead of
U(τ, τ0) = T exp
{
−ig
τ∫
τ0
x˙µ(τ ′)Aaµ(x(τ
′)) tadτ ′
}
. (5.6)
The possibility of appearance of such an extended evolution operator has been discussed in
the papers [4, 5] in studing concrete physical scattering processes occurring in the quark-gluon
plasma. The evolution operator U(t, t0) takes into account the effect of rotation of a color
charge vector in the internal color space induced by interaction with both gauge and fermion
background fields.
If at this point we introduce into consideration the background bosonic field, then the
choice of the spinor structures Lαβ becomes to a great extent richer and more varied. Thus, for
example, to the structures (5.4) one can add the terms of the type (see the last footnote)
QaF aµν
[
(σµνψ)αψ¯β + ψα(ψ¯σ
µν)β
]
, QaF aµν(σ
µνψ)α(ψ¯σ
λσ)βF
b
λσQ
b,
QaF aµν(σµνψ)α(ψ¯σλσ)βF bλσQb, ϑaF aµν(σµνψ)α(ψ¯σλσ)βF bλσϑb, . . .
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and the higher-order terms with respect to the strength tensor F aµν . Unlike (5.4) this set includes
already an infinite number of terms. Furthermore, the introduction of external gauge field into
the system enables us to consider another more interesting type of factorization of the Lijαβ
function, namely, the factorization with respect to pairs of indices containing both color and
spinor index, i.e.
Lijαβ ≡ Liα(Fµν , ψ, θ)Ljβ(Fλσ, ψ¯, θ†).
The following two expressions can be considered as examples of such a factorization:[
F aµν(σ
µνψ)α(t
aθ)i
][
(ψ¯σλσ)β(θ
†tb)jF bλσ
]
,
Qafabc
[
F bµν(σ
µνψ)α(t
cθ)i
][
(ψ¯σλσ)β(θ
†te)jF fλσ
]
f efdQd.
Finally, the expression below represents the simplest example when we do not observe any
factorization of the Lijαβ function[
fabeF aµν(σ
µνψ)α(t
bθ)i
][
f cde(θ†td)j(ψ¯σλσ)βF
c
λσ
]
.
By this means we have shown that the gauge-invariant Lagrangian at quadratic order in
the background Ψ¯iα and Ψ
i
α fields possesses rich color and spinor structure and can contain in
principle the terms with an arbitrary power in the strength tensor. In spite of the fact that
in this section we restrict ourselves to analysis of the Lagrangian (5.1), similar reasonings and
conclusions can be performed and for the Lagrangian of the form
LΨ¯Ψ¯+ΨΨ = Ψ¯
i
αΨ¯
j
β L˜ijαβ(θ†, θ, ϑ) + L˜† ijαβ (θ†, θ, ϑ)ΨiαΨjβ .
In summary note that we may address a question concerning construction of the gauge-
invariant Lagrangian dependent on the background Grassmann-valued spinor fields to an arbi-
trary power. All these Lagrangians can be thought as separate terms in an expansion of the
total Lagrangian if the latter is presented as a formal infinite series
L =
∞∑
n=0
∞∑
m=0
Ψ¯i1α1 . . . Ψ¯
in
αnLi1 ... in j1 ... jmα1...αn β1...βmΨj1β1 . . .Ψjmβm + (compl. conj.).
The coefficient function Li1 ... in j1 ... jmα1...αn β1...βm represents a complicated function of color charges θi†, θi,
ϑa, gauge field Aaµ(x) and spinors ψ¯α, ψα. The contributions with derivatives of the Ψ-fields
should be also incorporated in this Lagrangian.
6 Iteration method for constructing additional currents
and sources
This section will be devoted to a determination of a regular method for computing additional
currents and sources, some of which were considered in the papers [4, 5]. We will confine
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our attention to a system of equations (2.5) – (2.7), assuming that the motion of a particle
is specified and in the simplest case it represents a straight line x = vt. Furthermore, the
parameter τ appearing in equations (2.5) – (2.7) in the gauge e = 1/m is assumed to be the
proper time. For practical computations, it is more convenient to pass to the coordinate time,
as is the case in a system of equations (1.6), (1.7). Setting dτ =
√
1− v2 dt, instead of (2.5),
now we will have
dθi(t)
dt
+ igvµAaµ(t,vt)(t
a)ijθj(t) + ig
(
χ¯αΨ
i
α(t,vt)
)
− igεf0Qa(t)(ta)ij
(
χ¯αΨ
j
α(t,vt)
)
(6.1)
− igε(ta)ijθj(t)
{
f0 θ
†l(t)(ta)lk
(
χ¯αΨ
k
α(t,vt)
)
+ f ∗0
(
Ψ¯kα(t,vt)χα
)
(ta)klθl(t)
}
= 0
with the initial condition θi(t)|t=t0 = θi(t0). Here, we have introduced the spinor χα into
consideration according to the rule
χα ≡
√
1− v2√
2m
ψα =
1√
2E
ψα.
It is this spinor6 that appears in equations (1.6) and (1.7). Similar equations can be written
for color charges θ†i and Qa. The background fields in (6.1) are given on the straight pass.
Let us rewrite also the expressions for color current (2.10) and for color source (2.12) in the
representation of coordinate time:
jaµ(x) = gvµQ
a(t) δ(3)(x− vt), (6.2)
ηiα(x) = g
{
χα θ
i(t)− εχα f ∗0Qa(t)(ta)ij θj(t)
}
δ(3)(x− vt). (6.3)
In the expression for current (6.2) we dropped the contribution associated with background
fermion field. The parameter ε we have introduced into (6.1) and (6.3) by hands is an effective
“small” parameter related to terms nonlinear in color charges in the stated expressions (it can
be introduced as a factor in the last term of an initial Lagrangian (2.2)). This parameter is
taking as unity at the end of all calculations. Finally, we simplify the problem still further
considering that the complex function f0 is independent of time.
We can seek a solution of equation (6.1) and equations for θ†i and Qa in the form of an
expansion in powers of the parameter ε. It turns out more simple to restrict ourselves to
consideration of the solutions of equations only for the θi(t) and θ†i(t) charges, and reproduce
the usual charge Qa with the help of the relation (2.3). Thus, if we define the solutions in the
6 It is easy to verify that in this case we correctly reproduce unusual form of density matrix (1.8) when it is
considered that for fully unpolarized state of a particle, the standard relation is hold [16]
ψαψ¯β ≃ 1
2
E (v · γ)αβ
up to a correction term of (m/E) order (see, footnote in Introduction).
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following form
θi(t) = θ(0)i(t) + εθ(1)i(t) + ε2θ(2)i(t) + ε3θ(3)i(t) + . . . ,
θ†i(t) = θ†(0)i(t) + εθ†(1)i(t) + ε2θ†(2)i(t) + ε3θ†(3)i(t) + . . . ,
(6.4)
then
Qa(t) = Q(0)a(t) + εQ(1)a(t) + ε2Q(2)a(t) + ε3Q(3)a(t) + . . . , (6.5)
where
Q(0)a(t) = θ†(0)(t) taθ(0)(t), (6.6)
Q(1)a(t) = θ†(0)(t) taθ(1)(t) + θ†(1)(t) taθ(0)(t), (6.7)
Q(2)a(t) = θ†(1)(t) taθ(1)(t) +
{
θ†(0)(t) taθ(2)(t) + θ†(2)(t) taθ(0)(t)
}
and so on. It is worth noting that in (6.4) and (6.5) each term of the expansion is gauge-
covariant irrespective the others. As a result, under the substitution of (6.4), (6.5) in (6.2) or
(6.3) to each order in ε we will have a new gauge-covariant current or source.
Let us substitute expansion (6.4) into equation (6.1). Correct to first order in ε, we obtain
dθ(0)i(t)
dt
+ igvµAaµ(t,vt)(t
a)ijθ(0)j(t) + ig
(
χ¯αΨ
i
α(t,vt)
)
= 0,
dθ(1)i(t)
dt
+ igvµAaµ(t,vt)(t
a)ijθ(1)j(t)− igf0Q(0)a(t)(ta)ij
(
χ¯αΨ
j
α(t,vt)
)
− ig(ta)ijθ(0)j(t)
{
f0 θ
†(0)l(t)(ta)lk
(
χ¯αΨ
k
α(t,vt)
)
+ f ∗0
(
Ψ¯kα(t,vt)χα
)
(ta)klθ(0)l(t)
}
= 0.
Solution of the first equation has the following structure:
θ(0)i(t) = θi0(t) + Ω
i(t), θi0(t) ≡ U ij(t, t0)θj(t0), (6.8)
where the evolution operator in the fundamental representation U(t, t0) is defined by expression
(5.6), and an explicit form of function Ωi(t) (and its conjugation Ω†i(t)) is given in AppendixA,
Eq. (A.1). Inserting (6.8) into (6.6), we derive further
Q(0)a(t) = Qa0(t) +
{
θ†0(t) t
aΩ(t) + Ω†(t) taθ0(t)
}
+ Ω†(t) taΩ(t), (6.9)
where
Qa0(t) ≡ U˜ab(t, t0)Qb(t0)
and in turn
U˜(t, t0) = T exp
{
−ig
t∫
t0
(
v · Aa(t′,vt′))T adt′
}
is the evolution operator in the adjoint representation. In deriving the expression Qa0(t) we
have taken into account the identity
U(t0, t) t
aU(t, t0) = U˜
ab(t, t0) t
b. (6.10)
20
If we substitute (6.9) and (6.8) into (6.2), (6.3), then to the zeroth-order approximation in ε,
we properly reproduce the simplest current and source written out in Section 5 of [4] (Eq. (A.2)
in Appendix A of the present work).
Furthermore, a solution of the equation for θ(1)i(t) has the following structure:
θ(1)i(t) = igf0
t∫
t0
U ij(t, t′)Q(0)a(t′)(ta)jk
(
χ¯αΨ
k
α(t
′,vt′)
)
dt′ (6.11)
+ ig
t∫
t0
U ij(t, t′)(ta)jsθ(0)s(t′)
{
f0 θ
†(0)l(t′)(ta)lk
(
χ¯αΨ
k
α(t
′,vt′)
)
+ f ∗0
(
Ψ¯kα(t
′,vt′)χα
)
(ta)klθ(0)l(t′)
}
dt′.
It will be shown below that “correction” (6.11) (and a similar expression for θ†(1)i) encloses all
additional sources (A.4) – (A.7), and taking into account relation (6.7), properly reproduces the
additional current (A.3). For this purpose we substitute the solutions (6.8) and (6.9) into (6.11)
and retain only terms linear in the charges θi0(t) and Q
a
0(t). After some tedious manipulations
employing the identity (6.10), expression (6.11) can be cast into the following form:
θ(1)i(t)|linear in θ0,Q0 = −Re(f0)
{
Qa0(t)(t
aΩ(t))i +
[
Ω†(t)taΩ(t)
]
(taθ0(t))
i
+
[
θ†0(t)t
aΩ(t) + Ω†(t)taθ0(t)
]
(taΩ(t))i
}
− i Im(f0)
{
Qa0(t)(t
aΩ(t))i +
[
θ†0(t)t
aΩ(t)
]
(taΩ(t))i (6.12)
+
t∫
t0
[
θ†0(t)t
aΦ(t, t′) + Φ†(t, t′) taθ0(t)
](taΦ(t, t′))i
dt′
dt′
+
t∫
t0
[
θ†0(t) t
aΦ(t, t
′)
dt′
− Φ
†(t, t′)
dt′
taθ0(t)
]
(taΦ(t, t′))idt′
+
t∫
t0
[
Φ†(t, t′) ta
Φ(t, t′)
dt′
− Φ
†(t, t′)
dt′
taΦ(t, t′)
]
dt′ (taθ(t))i
}
.
Here, we have considered the function
Φ(t, t′) ≡ U(t, t′) Ω(t′)
and used its following properties obvious from the definition:
Φ(t, t′)
dt′
= −ig U(t, t′)(χ¯αΨα(t′,vt′)), Φ(t, t) = Ω(t), Φ(t, t0) = 0.
A surprising feature of the expression obtained (6.12) is that all the integrands in the terms
proportional to Ref0 grouped together in the total differential. This has allowed us to perform
21
easily the integration in t′.
Furthermore, we will consider the first ‘correction’ to the initial source
η(0)iα (x) = gχαθ
(0)i(t) δ(3)(x− vt),
which by virtue of (6.3) has the following form:
η(1)iα (x) = g
{
χα θ
(1)i(t)− χα f ∗0Q(0)a(t)(ta)ij θ(0)j(t)
}
δ(3)(x− vt).
Let us substitute expressions (6.12), (6.9) and (6.8) for θ(1)i(t), Q(0)a(t) and θ(0)j(t), respectively,
and retain only the terms linear in Qa0(t) and θ
j
0(t). Then we have
η(1)iα (x) = −2gRe(f0)χαQa0(t)(ta)ijΩj(t) δ(3)(x− vt) (6.13)
− 2gRe(f0)χα
[
θ†0(t) t
aΩ(t) + Ω†(t) taθ0(t)
]
(ta)ijΩj(t) δ(3)(x− vt)
− 2gRe(f0)χα
[
Ω†(t) taΩ(t)
]
(ta)ij θj0(t) δ
(3)(x− vt)
− (the terms proportional to Imf0).
This source should be compared with additional ones (A.4) – (A.7). Comparing the first, second
and third terms in (6.13) with expressions (A.4) – (A.7), we obtain
α = β = β1 = β˜1 = −2Ref0. (6.14)
Now we turn to calculating the correction Q(1)a(t). At first we rewrite expression (6.7)
substituting explicitly the solution θ(0)i(t) (6.8). Here, we have
Q(1)a(t) =
[
θ†0(t) t
aθ(1)(t) + θ†(1)(t) taθ0(t)
]
+
[
Ω†(t) taθ(1)(t) + θ†(1)(t) taΩ(t)
]
. (6.15)
In the usual manner, we restrict our consideration only to contributions linear in θi0(t) and
Qa0(t). By virtue of this fact, one can substitute the above-obtained expression (6.12) into
the last two terms in (6.15) for θ(1)i(t). However, for the first and second terms in (6.15) this
substitution leads to the second order terms in the color charges θi0(t) and Q
a
0(t). Therefore, here
we need to return to the initial expression (6.11) and to single out the contributions completely
independent of the color charges θi0(t) and Q
a
0(t). For this purpose, it is merely necessary to
substitute the last terms of the solutions (6.8) and (6.9) into expression (6.11) for θ(0)i(t′) and
Q(0)a(t′). Straightforward calculations result in
θ(1)i(t)|free in θ0,Q0 = −Re(f0)
[
Ω†(t)taΩ(t)
]
(taΩ(t))i (6.16)
− i Im(f0)
{ t∫
t0
[
Φ†(t, t′)taΦ(t, t′)
](taΦ(t, t′))i
dt′
dt′
+
t∫
t0
[
Φ†(t, t′) ta
Φ(t, t′)
dt′
− Φ
†(t, t′)
dt′
taΦ(t, t′)
]
(taΦ(t, t′))idt′
}
.
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Here we observe the same picture as in (6.12). The integrands in the terms proportional to
Ref0 grouped together in the total differential. The consequence of this fact is such a simple
form of the first term in (6.16).
Substituting (6.16) into the first and second terms of expression (6.15) for θ(1)(t), and (6.12)
into the third and forth terms of the same expression, we find from (6.2) the first correction to
the initial current j
(0)a
µ (x):
j(1)aµ (x) = −gRe(f0)vµQb0(t)
[
Ω†(t) {ta, tb}Ω(t)]δ(3)(x− vt) (6.17)
− gRe(f0)vµ
[
Ω†(t) tb θ0(t) + θ
†
0 t
bΩ(t)
][
Ω†(t) {ta, tb}Ω(t)]δ(3)(x− vt)
− gRe(f0)vµ
[
Ω†(t) tbΩ(t)
][
Ω†(t) {ta, tb} θ0(t) + θ†0 {ta, tb}Ω(t)
]
δ(3)(x− vt)
− (the terms proportional to Imf0).
Here, the first term on the right-hand side reproduces the additional current (A.3), if we set
σ = Ref0.
Comparing the last expression with (6.14), we find that the constants σ and α are connected
among themselves by relation (A.8), as was obtained in [4] from a fundamentally different
approach. The second and third terms on the right-hand side of (6.17) represent new additional
currents induced by a moving color particle, which has been overlooked in the above-mentioned
paper. In this way from all aforesaid it follows that if we believe the constant f0 to be a pure
real and set by virtue of (6.14) and (A.9)
Ref0 =
1
2
CF
TF
,
then the obtained expressions for the first correction to the initial color source and current,
Eqs. (6.13) and (6.17), exactly reproduce additional sources and currents obtained earlier on
the basis of heuristic reasoning. This provides a rather strong argument for the correctness of
a choice of the initial model Lagrangian (2.2).
7 Conclusion
Being based only on the general principles, specified in the Introduction, we have considered a
problem of the construction of the action that would describe the dynamics of (pseudo)classical
color particles both in background non-Abelian bosonic and fermionic fields. The major re-
quirement in this construction is the gauge invariance requirement of the action in question
under the gauge transformation of all dynamical variables including the background fields.
But here, however, another point arises: the gauge invariance is necessary of course, but is it
sufficient in this case? As has been shown explicitly in Sections 4 and 5, the answer to this
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question is generally negative. It has appeared that in principle the existence of an infinite
number of contributions to the interaction Lagrangian, which leave the action real, gauge and
reparametrization invariant, is possible. Here, based only on these general principles, there is
no way to say which of these contributions to the interaction Lagrangian actually concern the
real dynamics of a color particle, and which are not. Moreover, also there is no way of fixing
the arbitrariness in the scalar ‘weighting’ functions (see Section 4) with which these contribu-
tions enter to the Lagrangian. The last circumstance, in particular, leads to the fact that it is
necessary to invoke an additional information for determining these functions. For a compre-
hensive Lagrangian description of the dynamics of the color particle in background non-Abelian
Bose- and Fermi-fields and rigorous justification of the results obtained, we come up against
the problem of derivation of the Lagrangian from the first principles within the framework of
quantum field theory. Obtaining the Wong equation for the usual color charge in [17] and
the equations of motion for the Grassmann color charges in background gauge field in [18–20],
provides examples of such a derivation directly from underlying quantum field theory. These
equations can be justified as a semiclassical approximation to the worldline formulation of the
one-loop effective action in QCD. However, an attempt at a direct inclusion of background
fermion field into the developed approaches encounters severe difficulties both technical and
fundamental nature.
It was shown in a considerable amount of papers that the one-loop effective actions for scalar
models, QED and QCD, could be expressed in terms of a quantum mechanical path integral
over a point particle Lagrangian. For the case of the QCD coupling, the worldline path integral
representation was obtained not only for the effective action for quark loop, but for gluon one
in an external non-Abelian field as well [21, 22]. One of the important steps here was made
by Borisov and Kulish [18], D’Hoker and Gagne´ [19]. They have presented the internal color
degrees of freedom in terms of worldline fermions expressed by independent dynamical Grass-
mann variables θ†i(t) and θi(t). It is precisely these color charges that we have used throughout
the present paper. They have been first introduced in [1,2] from completely different reasoning
by means of less-formal considerations. For a rigorous derivation of the dynamical equations
presented in Sections 2 and 3, and also of all possible additional contributions to these equa-
tions from the terms written out in Sections 4 and 5, it is necessary to consider a more general
problem: the worldline path integral representation of the effective one-loop QCD action in
the presence of both classical external bosonic and fermionic fields. In terms of a functional
superdeterminant the given effective action has the form
iΓ[A, Ψ¯,Ψ] = −1
2
ln SDet
(
Dabµν(A, Ψ¯,Ψ) F¯ ajµβ (A, Ψ¯)
F ibαν(A,Ψ) D ijαβ(A)
)
. (7.1)
An explicit form of operators appearing in the supermatrix on the right-hand side of (7.1) is
written out in Appendix B, Eqs. (B.3) – (B.5). Here, we only note that in deriving the above
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expression, we have used the second-order formalism for fermions [23] instead of the standard
Dirac formalism. To a limited extent, the complexity of expression (7.1) may be imagined if to
rewrite the superdeterminant in terms of ordinary determinants as [24]
iΓ[A, Ψ¯,Ψ] = −1
2
lnDetDabµν(A, Ψ¯,Ψ) +
1
2
lnDetD ijαβ(A) (7.2)
− 1
2
lnDet
(
I−D−1 acµλ (A, Ψ¯,Ψ) F¯ ciλα(A, Ψ¯)D−1 ijαβ (A)F jbβν(A,Ψ)
)
.
The first term on the right-hand side represents the usual one-loop gauge boson effective action.
The one-loop determinant may be thought of as being built up by summing over multiple
insertions of the backgrounds, Fig. 1(a). Here, unusual insertions of external fermion lines
are connected with the additional contributions to the gluon kinetic operator Dabµν(A, Ψ¯,Ψ),
Eq. (B.3), proportional to the background Ψ-fields. The appearance of such insertions is a
direct consequence of using the second order formalism for fermions. The second term in (7.2)
is the contribution to the gauge boson effective action from dynamical fermions, Fig. 1(b).
Finally, the last term in (7.2) gives the effective action for fermions properly interesting for
us. Formally, here under the sign of determinant there is an expression, which is nonlocal and
substantially nonlinear with respect to the background gauge field. Besides, since the Ψ-fields
are explicitly involved into the gluon kinetic operator, then the expression under the sign of
determinant formally also contains the background fermion fields to an arbitrary (even) power.
The last circumstance distinguishes considerably the given effective action from a similar action
in the standard first-order formalism [25], where under the sign of determinant we have only
one pair the Ψ-fields.
It appears very difficult, if possible at all in this situation, to define the worldline path
integral representation for the effective action7. Perhaps, the required representation should
be constructed at once beginning with superdeterminant (7.1), without reducing it to usual
determinants. However, it is not clear so far how this can be made within the developed
techniques [18–22]. To the best of our knowledge, the given problem has not been considered
in the literature. In fact, the various contributions to the interaction Lagrangian derived in the
present work can be considered as ‘fragments’ of the total Lagrangian that would enter into
the worldline path integral representation of the effective action Γ[A, Ψ¯,Ψ].
It may be taken a different view of the given problem. The presence of the fermionic
background field leads to qualitatively new phenomenon: a single background fermion can
change a particle8 in the loop from a Dirac spinor into a vector boson and vice versa, Fig. 1(c).
7 In fact it is this circumstance that serves a basic motivation for writing the present work and the next
one [13]. Within this crude approach we would like to make clear which of the contributions can appear in
the required action and what is their structure. Such a preliminary work, as we hope, enables us at least on
qualitative level to see what we should expect in a more rigorous approach and in some extent to facilitate the
construction of a comprehensive theory.
8 The first-quantized field theory considers a particle in a loop as a single entity.
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Therefore, our purpose is to construct a theory which consistently describes a particle that can
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Figure 1: Scattering of a hard particle running in the loop by the background fermionic and bosonic
fields.
be either vector boson or Dirac fermion. From the mathematical point of view this means that
it is necessary to find an explicit form of the fermion vertex operator which is inserted into
the world closed line of the hard particle and defines the radiation (or absorption) process of
an external quark simulated by an external fermionic background. The construction of this
vertex operator is a necessary ingredient for a rigorous derivation of the evolution equations
for color charges. One way of looking for a solution of the problem at hand (and in particular
of computation of the desired vertex operator) is through the string theory. At one time in a
number of works [26–28] the problem of the propagation of (super)string in background fields,
was considered. As shown in [7], background spacetime fermions may be incorporated into
the string action on equal terms with the other external fields if to use the covariant string
vertex operator [8,29]. As far as we know, this is the only rigorous inclusion of interaction with
an external fermion field which is well understood. Here, the following heuristic argument is
applicable: the required fermion vertex for the first-quantized field theory is related, in a certain
way, to the fermion vertex operator9 of superstring theory. The efficiency of the string-based
methods in concrete applications to the problems of calculation of the pure gluon one-loop
QCD amplitudes was demonstrated in the early 1990s by Bern and Kosower [30] and then by
the others. Now our purpose is to extend the well-developed approach10 to incorporate external
quarks.
Thus, in light of this, one can outline another way of derivation of the color charge evolution
equations from the first principles. Our first task here is to define in an explicit form the effective
one-loop QCD amplitude including both external bosons and external fermions in the context
9 One of the indirect proofs of the existence of such a relation is the fact that there exists practically perfect
coincidence in a structure between boson vertex operator in string theory and boson vertex operator arising in
considering the effective actions for spinor and vector boson particles in background gauge field [21].
10 Note that the authors of [30] planned to consider this more general case, but here, they used the usual
field-theoretical approach [31].
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of superstring-inspired approach [30]. Then the second task is to guess an explicit form of the
effective action in the worldline formulation which, on expanding in powers of the background
fields, would reproduce the mixed quark-gluon one-loop amplitudes obtained at the first stage.
And the final step would be the worldline representation for the color degree of freedom of
hard particle running in the mixed loop in the spirit of Borisov and Kulish [18] or D’Hoker and
Gagne´ [19].
Finally, one can look at the solution of this problem purely from a geometrical point of view.
In the paper by Duval and Horvathy [32] within (pre)simplectic geometry an alternative deriving
Wong’s equation have been given. Furthermore, Horvathy [33] have shown that the developed
approach, which is in fact a sort of generalized variational calculus, is basically equivalent to
that of Barducci et al [1] and Balachandran et al [2]. It would be very interesting to extend
this geometrical approach to the case of the presence of Grassmann-valued background fields.
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Appendix A
In this Appendix we give an explicit form of additional gauge-covariant currents and sources
suggested in [4,5]. For convenience of notations of these currents and sources, we introduce the
following functions:
Ωi(t) ≡ −ig
t∫
t0
U ij(t, t′)
(
χ¯αΨ
j
α(t
′,vt′)
)
dt′, Ω†i(t) ≡ ig
t∫
t0
(
Ψ¯jα(t
′,vt′)χα
)
U ji(t′, t) dt′. (A.1)
In the terms of these functions two additional currents in [4] have the following form:
j aθµ(x) = gvµ
{
Ω†j(t)(ta)jiθi0(t) + θ
†i
0 (t)(t
a)ijΩj(t)
}
δ(3)(x− vt), (A.2)
j aΞ µ(x) = σgvµQ
b
0(t)
[
Ω†i(t){ta, tb}ijΩj(t)]δ(3)(x− vt), (A.3)
where θi0(t) = U
ij(t, t0) θ
j(t0) and Q
a
0(t) = U˜
ab(t, t0)Q
b
0(t0).
Furthermore, we give a list of additional sources
ηiQα(x) = αgχαQ
a
0(t)(t
a)ijΩj(t) δ(3)(x− vt), (A.4)
ηiΩα(x) = β1g χα(t
a)ij Ωj(t)
[
Ω†k(t)(ta)klθl0(t)
]
δ(3)(x− vt), (A.5)
ηi
Ω˜α
(x) = β˜1g χα(t
a)ij Ωj(t)
[
θ†l0 (t)(t
a)lkΩk(t)
]
δ(3)(x− vt), (A.6)
ηiΞα(x) = βg χα(t
a)ij θj0(t)
[
Ω†k(t)(ta)klΩl(t)
]
δ(3)(x− vt). (A.7)
In [4] we have also obtained a relation between constants in expressions (A.3) and (A.4), and
also an explicit value of one of them in terms of the group invariants:
Re σ =
1
2
α , (A.8)
α = −CF
TF
. (A.9)
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Appendix B
Let us write down an initial expression of the classical QCD action
S[A, Ψ¯,Ψ] = −1
4
∫
d 4xF aµν(x)F
aµν(x) (B.1)
+
∫
d4x Ψ¯(x)
{
Dµ(A)D
µ(A)− 1
2
gFµν(x)σ
µν +m2
}
Ψ(x) + . . . .
Here, Dµ(A) = ∂µ+igA
a
µ(x)t
a, σµν = [γµ, γν]/2i, Fµν(x) = F
a
µν(x)t
a and the ellipsis is refereed to
the gauge fixing and ghost terms. The action for fermions is written down in the representation
of the second-order formalism. To provide the effective action, according to the standard
procedure [34] in the first step we replace the fields in (B.1) by the shifted ones:
Aaµ(x)→ Aaµ(x) + aaµ(x), Ψ¯iα(x)→ Ψ¯iα(x) + ψ¯iα(x), Ψiα(x)→ Ψiα(x) + ψiα(x), . . . , (B.2)
where on the left-hand side the functions Aaµ, Ψ¯
i
α and Ψ
i
α are considered as the classical back-
ground fields, and aaµ, ψ¯
i
α and ψ
i
α are their quantum fluctuations. Furthermore, substituting
(B.2) into (B.1) and retaining only terms which are quadratic in the quantum fields, we have
(for simplicity, the ghost contribution is omitted)
Squad[ a, ψ¯, ψ;A, Ψ¯,Ψ] =
∫
d4x
{1
2
aaµ(x)Dabµν(A, Ψ¯,Ψ)abν(x)
+ aaµ(x)F¯ ajµβ (A, Ψ¯)ψjβ(x) + ψ¯iα(x)F ibαν(A,Ψ)abν(x) + ψ¯iα(x)D ijαβ(A)ψjβ(x)
}
,
where
Dabµν(A, Ψ¯,Ψ) = gµν(Dλ(A)Dλ(A))ab + 2igF cµν(x)(T c)ab
− g2 Ψ¯(x)( gµν{ta, tb}+ iσµν [ ta, tb])Ψ(x), (B.3)
D ijαβ(A) = (Dµ(A)Dµ(A))ijδαβ −
1
2
gF aµν(x)(t
a)ij(σµν)αβ +m
2δijδαβ (B.4)
are the kinetic operators of the gauge boson and fermion fluctuations, respectively, and
F¯ ajµβ (A, Ψ¯) = −g
{[
Ψ¯(x)
←−
D †λ(A)
]
ta(2igµλ+ σµλ) +
(
Ψ¯(x) σµλt
a−→Dλ(A)
)}j
β
,
F ibαν(A,Ψ) = + g
{
(2igλν+ σλν) t
b
[−→
Dλ(A)Ψ(x)
]
+
(←−
D †λ(A) tbσλνΨ(x)
)}i
α
(B.5)
are the mixed contributions to Squad. Here, the expressions of the type
[−→
Dλ(A)Ψ(x)
]
indi-
cate that the derivative acts only within the square brackets. By virtue of the fact that we
use the second-order formalism for fermions instead of the usual Dirac formalism, the gluon
kinetic operator (B.3) contains the term bilinear in the background fermion fields Ψ¯iα and Ψ
i
α.
This term creates a new 4-point vertex of interaction when two gauge bosons couple with two
fermions [23].
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Finally, within the framework of the background gauge fixing technique, the one-loop
contribution to the QCD effective action is
exp
(
iΓ1−loop[A, Ψ¯,Ψ]
)
=
∫
DaDψDψ¯ exp(iSquad[ a, ψ¯, ψ;A, Ψ¯,Ψ]) =
= SDet−1/2
(
Dabµν(A, Ψ¯,Ψ) F¯ ajµβ (A, Ψ¯)
F ibαν(A,Ψ) D ijαβ(A)
)
,
where the symbol SDet denotes a superdeterminant over both gauge bosons and fermions. On
the right-hand side we have omitted irrelevant the number factor.
30
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